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Abstract 

 
A method was developed to solve the over determined Laplacian approximation 
algorithm (Franklin algorithm) for the interpolation of contour lines to terrain surfaces 
using desktop type computers.  The method is based on the Saunders-Paige LSQR 
iterative Conjugate Gradient solver provided with a very good initial estimate.  The initial 
estimate is computed from the input elevation grid using a fast solver producing a lower 
quality interpolation of the input grid.  The fast solver uses a four-nearest-neighbor 
second order central difference approximation of the Laplacian heat equation.  The 
solution vector produced by the fast interpolation is used as the initial estimate for the 
LSQR solver.  LSQR is then used to solve a sparse matrix representation of the over 
determined system of equations resulting from the Franklin formulation of the Laplacian 
heat equation interpolation.  The result is a high quality interpolation characteristic of the 
Franklin approximation in less time and requiring much less storage than either a direct 
solution (using factorization or row reduction)  or a solution computed by the LSQR 
solver without a good initial estimate. 
 
This is useful because solution of the over determined system of linear equations 
associated with the Franklin algorithm by direct means is computationally expensive 
from both a time and space complexity perspective.  The method developed as part of this 
project  significantly reduces the in-process storage requirements to compute the solution 
vector for large systems of equations, for example one million equations with one million 
unknowns.  The method accomplishes this by use of an iterative least squares solver, the 
well known  LSQR program developed by Saunders and Paige. 
 
The iterative LSQR solver makes more effective use of limited RAM resources as 
compared to the MATLAB direct solver for example, allowing larger problems to be 
solved than with previous methods.  In addition, solution times were reduced  by 
supplying LSQR with a high quality initial estimate.  The fast central difference 
Laplacian algorithm exploits the problem structure to supply this estimate cheaply.  The 
fast solver produces a solution of unacceptable quality as a final interpolation but 
produces an excellent initial estimate for LSQR. 
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1.0 Introduction. 
 
Background 

Interpolating information from known data to unknown data points is one of the classical 
problems of computational cartography.  This technique is used widely in many diverse 
GIS (Geographical Information Systems) applications.  One example is the derivation of 
DEMs  from topographical contour maps for areas where DEMs are not available.  In 
order to do this, DEMs are often reverse-engineered from contour map data.  In this multi 
step process, contour maps are scanned into digital format (if they are not already 
archived that way).  Then the contour line elevation data layer is separated from the other 
information on the map.  The contour line data is then conditioned (to the highest degree 
possible) to correct bleeding, breaks, spurs bridges and other anomalies[1].  

The contours must then be tagged with their elevation values in a machine-readable 
format.  This is typically done by vectorizing the contour lines using a line following 
method[2] and tagging the vectors with their elevations either automatically, or more 
commonly using a semi-automated labor-intensive process.  The tagged vector data is 
then rasterized and  transferred to a grid using an interpolation algorithm. Finally, the 
gridded elevation values are written to some type of GIS format that can be used by other 
applications, such as the USGS ASCII DEM format.   The interpolative step in the 
process is the focus of this proposal.  Often, the interpolation algorithms used to produce 
terrain surfaces from the gridded elevation values are somewhat primitive, for example 
the four-nearest neighbor algorithm derived from the Laplacian Heat Equation PDE.  
This often results in markedly inferior terrain surfaces that exhibit a variety of unnatural 
features, for example terracing. 

One algorithm known to be an improvement over commonly used algorithms for the 
interpolation (or rather the approximation) of known elevations to a regular grid is 
described by Dr. William Randolph Franklin paper entitled Applications of Analytical 
Cartography [3].    
 
The algorithm is based on a novel application of the Laplacian PDE (partial differential 
equation)  whereby a system of over determined linear equations is formulated and 
solved by performing a linear least squares fit to the known data and unknown grid 
nodes.  

The algorithm has several advantages as compared to previous algorithms: 

1) It doesn’t require continuous contours; i.e. it can deal with breaks, such as those 
that commonly occur when contours are too closely spaced. 

2) It can use isolated point elevations if known, such as mountain tops. 

3) If continuous contours with many points are available, it can use all the points 
(without needing to sub sample them). 

4) Information flows across the contours, causing the slope to be continuous and the 
contours not to be visible in the generated surface. 
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5) If local maxima, such as mountain tops, are not given, it interpolates a reasonable 
bulge.  It does not just put a plateau at the highest contour. 

6) Unlike some other methods, it works even near kidney-shaped contours, where 
the closest contour in all four cardinal directions might be the same contour. 

7)  It has the advantage of producing a surface virtually free of the negative artifacts 
associated with other interpolation algorithms, for example terracing and ringing.  

8)  It also offers the advantage of allowing the surface smoothness and fit to be 
adjusted by selective weighting of the equations corresponding to the known 
elevations, thereby allowing grid adjustments to be made on a node-by-node 
basis if desired. 

Although the algorithm presents advantages, it also presents computational challenges.  If 
the input elevation grid is of size N by N, the solution is formulated in terms of a N2 by 
N2  coefficient matrix.  Since the number of flops for row reduction for an N by N matrix 
is approximately 2N3/3 flops, the time complexity for solving an N2 by N2 matrix by row 
reduction is (N2)3 = N6 .  Even more significantly, the initial storage requirements are 
large for large input files and these can become even larger during processing due to fill-
in during computation. 

The Franklin algorithm was previously demonstrated on data sets as big as 257 X 257 
nodes using sparse matrix techniques.  Although this was sufficient to demonstrate the 
advantages of the algorithm, real data sets are larger.  Unfortunately, it has not been 
possible previously to apply this beneficial algorithm to realistic data sets using desktop 
computers because of the large computational complexity of solving the linear least 
squares system of equations by row reduction.    

The goal of this project is to develop a computational technique that would allow the 
algorithm to be used  for realistic data sets using small computers.  The target size is 1201 
by 1201 grid postings, the size of a USGS 30 minute Level 2 Digital Elevation Model.  
The task is made difficult by the rapid increase in problem size as a function of the 
number of input elevation nodes.  For example, the full matrix for the Franklin 
formulation of a 1201 by 1201 elevation node input file contains approximately 2e+12 
data elements!   

A further goal was to compare the quality of the grids produced by the algorithm (once a 
computational technique was developed) with a commercially implemented algorithm.  
The hope is thus to apply Dr. Franklin�s algorithm to large data sets using a standard 
desktop computer and to further demonstrate its utility to  the cartographic community. 

Objectives 

The objective of this research project are as follows: 
 

• Develop a computational method for solution of the algorithm described in the 
Dr. William Randolph Franklin paper cited above. 
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•  Demonstrate the computational method using a desktop-type computer solving 
datasets of sizes associated with commonly used digital elevation model (DEM) 
formats (for example input files of 1201X1201 elevation grid nodes). The 
developmental hardware platform is a desktop computer running the Windows XP 
OS with 256MB of memory.  (An HP 1.1GHz laptop was used for some tests.) 

 
 

• Compare the results of the algorithm and computational method with a 
commercial contour-to-grid interpolator:  R2V from Able Software, Inc. and with 
a research grade hydrologic application: CachmentSIM-GIS. 

 
Although a fair amount of code was written during the course of this project, the 
objective was not to produce a production grade software application.  Rather, the goal 
was to develop a computational method that was capable of solving this problem for large 
input data sets through the use of code modules using several developmental 
environments, including the research environment MATLAB.  The integration of these 
experimental modules into a robust application provides an interesting opportunity for 
future work.  The main tasks required for achieving this future goal are discussed in 
Section 14 of this report. 
 
Development Environments Used 
 
Several development environments were used during the course of this work.  The first 
was the well-known scientific math package MATLAB.  MATLAB is an interactive 
developmental and research programming platform designed specifically for matrix 
processing that offers a FORTRAN-like procedural programming language, a library of 
matrix functions, and a wide variety of graphical visualization tools.    Although 
MATLAB is not a general-purpose development environment, demonstrating the 
algorithm using MATLAB modules immediately suggests corresponding 
implementations using production-grade software tools such as C++,  FORTRAN or 
Java. 
 
Although MATLAB  is a wonderfully convenient development environment because of 
its rich library of specialized matrix processing, matrix solving and display methods, it is 
definitely not an all-purpose tool.  Its main disadvantage is that user-defined code 
modules are interpreted rather than compiled, and typically run several orders of 
magnitude more slowly than identical algorithms implemented in C++ or Java, for 
example.  This required the use of alternative development environments for some of the 
fast pre-processing tasks required for this project, particularly for the module used to 
prepare the initial estimate for the iterative solver used in this project and for the module 
that prepared the sparse index file from the raw elevation matrix. 
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2.0 Theoretical and Mathematical Background of the Problem 
 
A brief discussion of the theoretical basis for the Franklin approximation algorithm and 
the method of problem formulation and solution is presented in this section.  The Laplace 
heat equation: 

δ2u/δx2  + δ2u/δy2  = 0 
 

describes many time-independent physical phenomenon including the steady state 
distribution of temperature in two dimensions.  This equation can be solved in closed 
form for simple systems subject to boundary conditions consisting of for example initial 
temperatures at the edges of a rectangular plate.  
 
The Laplace equation has also been used to model equilibrium displacements in a 
membrane, gravitational and electrostatic potentials and certain fluid flows.  It is not 
surprising therefore that it is also applied to topographical systems.  In this case elevation 
is considered a potential  analogous to temperature.  The boundary conditions consist of 
the known elevations at the elevation contours (not necessarily at the edges as is common  
in a heat conduction model) and the equation models the �flow� of elevations from the 
fixed contours to the rest of the system in the same way that heat flows in the plate 
example[7].   
 
Central Difference Approximation of the Laplace Equation 
 
Numerical solution methods are often used in systems where closed form solutions of 
differential equations are difficult or impractical.  The central difference formulas can be 
used to approximate the second derivative of a function f(x)[4] as follows. Consider the 
second order Taylor series approximation of a function f(x) around the point �a�: 
 

T(x) = f(a) + f�(a)(x-a) + ‰ f��(a)(x-a)2 + O(n3) 
 

Where O(n3) is an error term resulting from the truncation of the series.  Consider a point 
slightly greater than x so that x-a=∆x or a=x-∆x.  Substituting into the Taylor expansion 
around this point yields: 
 
T(x)   = f(x-∆x) + f�(x-∆x)(x-( x-∆x)) + ‰ f��(x-∆x)(x-( x-∆x))2 + O(x3) 
 
    = f(x-∆x) + f�(x-∆x)(∆x) + ‰ f��(x-∆x)(∆x)2 + O(x3) 
 
T(x+∆x) = f(x+∆x -∆x) + f�(x+∆x -∆x)(∆x) + ‰ f��(x+∆x -∆x)(∆x)2 + O(x3) 
 

= f(x) + f�(x)(∆x) + ‰ f��(x)(∆x)2 + O(x3) 
 

A similar substitution for a Taylor approximation around a point a little less than x where 
x-a = -∆x or ∆x = x+a yields: 
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T(x-∆x) = f(x) - f�(∆x) ∆x + ‰ f��(x)( ∆x)2 + O(x3) 
 
Adding the two equations together gives: 

T(x+∆x) + T(x-∆x) = 2f(x) + (∆x)2 f��(x)+ O(x3) 
 
If ∆x is small the O(x3) error term can be ignored, and T(x) is very close to f(x).  
Substituting T(x)≈f(x) and Solving for f�(x): 

f�(x) = f(x+∆x) + f(x-∆x) � 2f(x)/ (∆x)2   
If f is a continuously differentiable function mapping two dimensional coordinates x,y to 
elevation f(x,y)=z  then 
 

δf(x,y)/δx2 ≈ f(x+∆x,y) + f(x-∆x,y) � 2f(x,y)/ (∆x)2   
 
A similar expansion in the y direction yields: 
 

δf(x,y)/δy2 ≈ f(x, y+∆y) + f(x, y-∆y) � 2f(x,y)/ (∆y)2   
 
If ∆x = ∆y then both of these terms can be replaced with ∆.  Substituting these two 
equations into the Laplace equation yields: 
 

f(x+∆,y) + f(x-∆,y) � 2f(x,y)/ (∆)2  + f(x, y+∆) + f(x, y-∆) � 2f(x,y)/ (∆)2  = 0 
 
Multiplying by ∆2  and collecting terms yields the central difference equation: 
 

f(x+∆,y) + f(x-∆,y)  + f(x, y+∆) + f(x, y-∆) � 4f(x,y)  = 0 
 
 The continuous function f is often approximated by a set of points on a grid or mesh.  In 
this case the central difference equation is defined at the grid points.  The discrete central 
difference equation can be written: 
 

f(i+1,j) + f(i-1, j)  + f(i, j+1) + f(i, j-1) � 4f(i,j)  = 0 
 

If f(i,j) maps grid points to an elevation z then the discrete central difference equation can 
be written in the more concise notation: 
 

zl   + zr  + zu + zld -4 zij = 0 
 

Where the indices refer to the grid nodes to the immediate left, right, up and down grid 
positions relative to the central node. 
 
Applications to Contour Interpolation 
 
Franklin[1] uses the central difference approximation to formulate this problem by 
constructing a system of linear equations: 
 
         zi,j-1 + zi,j+1 + zi+1,j + zi-1,j-4 zij = 0 
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for each node in the input elevation grid.  (This is sometimes referred to as the stencil 
equation).  Since there are N2 grid points this yields an equal number of equations, each 
with N2  (mostly zero) coefficients.  This in turn yields a coefficient matrix   with N4 total 
coefficients.  Since each row is characterized by an equation with exactly five non zero 
coefficients as in the equation above,  each row of this sparse matrix has  N2  entries, of 
which (N2�5) are zeros.  The application of a linear equation solving algorithm yields the 
elevations directly, as long as N is not too large. 
 
However, solving this system produces terrain surfaces exhibiting excessive terracing 
between the known contours in areas where the lower contour lines are longer than the 
higher ones, because the lower elevation contour lines will contribute more toward the 
new center node elevation than the higher elevations.  Also, many of the grid points 
corresponding to contours have known elevations.  If the solution vector is constrained to 
maintain these fixed elevations, the surface will not be continuous across the contours 
and considerable terracing will  result.  If the solution vector is not so constrained, 
inaccurate elevations can occur. 
 
The central difference approximation of the Laplace equation as formulated above can 
also be solved by iterative methods.  For example the central difference approximation 
can be applied to each unknown node in the elevation grid in successive computational 
passes using Jacobi or Gauss-Seidel iterative solvers.  At each iteration a new elevation is 
computed for the central node.  The greater the number of iterations, the closer the 
approximation becomes to the exact solution (if the method converges).  Although fast, 
efficient and compact, the result is no better than that produced by direct solution as the 
underlying formulation of the problem is the same.  However, this technique 
subsequently proved valuable in the multi-level solution approach that was used to solve 
the system. 
 
A Better Formulation of the Problem 
 
Franklin suggests a different formulation of the system of equations, as follows: 
 

1) Pretend that all the N2=M points have unknown elevations zij . 
2) Create an equation for each zij setting it to the average of its neighbors as in the 

equation above. 
3) For each of the K points whose elevation ei are known create an additional 

equation zi  = ei. 
 
This results in the system of equations: 
 

Az=b 
 
where A is an (M+K)  by  M coefficient matrix, z is an M by 1 vector, and b is a (M+K) 
by 1 vector of zeros or known elevation values. 
 
This system is over determined, so a solution exists only when b happens to be in the 
column space of A, which is obviously unlikely. 
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So rather than attempting to solve the system exactly (and unsuccessfully) a linear least 
squares solution can be applied instead.  This technique minimizes the vector: 
 

(b-Az)T  (b-Az) 
 

Where Az is the (projection of b) = bproj on the column space of  the coefficient matrix A 
and (b-Az)T is the transpose of the vector quantity (b-Az).  The solution z to the matrix 
equation Az= bproj is the vector in the column space of A that is closest to b, and is the 
�best� solution to the (probably unsolvable) system Az=b.   Since (b-Az) = b- bproj = e is 
minimized precisely when e is orthogonal to A, then, in matrix terms: 
 

AT(b-Az) z=0. 
 

minimizes e, which is equivalent to: 
 

ATAz=AT b 
 

where ATA is a square, symmetric (M2+K by M2+K) matrix[5] .  This is called the linear 
least squares solution of the problem because it minimizes the sum of the squares of the 
error vector e.  This system has been solved by Franklin for data sets of up to 257 by 257 
nodes using MATLAB sparse matrix utilities and solvers.  However, this problem is 
considerably larger than the direct solution described above by row reduction because of 
the additional matrix multiplications required.  More importantly, the increase in space 
complexity due to the need to store more large data arrays leads to significant 
computational difficulties.   
 
Franklin�s work demonstrated that this formulation can virtually eliminate the 
disadvantages associated with a direct application of the central difference equation.  The 
Franklin formulation does not constrain the solution vector to maintain the known 
elevations but does in fact constrain the grid points corresponding to the known 
elevations to be the average of their four neighbors.  In addition, since the method 
minimizes the squares of the error components, scaling the coefficient and the known 
elevation results in a weighting of that elevation.  This aspect, considered a problem in 
statistical regression application is an advantage here as it allows the user to constrain or 
relax the solution vector�s conformance to the known elevations, thereby balancing 
surface accuracy and  smoothness. 
 
The main problem with this approach is the time and space complexity for computation 
of the solution vector z, particularly on desktop (vector) systems.  Successfully 
overcoming the computational obstacles was the main focus of this project. 
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3.0 Preliminary Investigations 
 
MATLAB Code Modules and their Limitations 
 
A series of MATLAB code modules was written and used throughout this study to 
investigate various solution options.  The MATLAB function sparseA( ) was written to 
formulate the sparse coefficient matrix �A� from the input elevation node matrix using the 
Franklin formulation described above.  The function makeB( ) formulated the right hand 
side (RHS) vector �b� from the same input elevation node matrix.  The function repack( ) 
converted the N2 by 1 solution vector z into a N by N output elevation grid.  Once 
formulated, the system could be solved using the MATLAB native direct solver by 
invoking z=A\b.  An over determined case like the Franklin formulation is detected 
automatically by MATLAB and a least squares solution is formulated and computed.  
Code listings for these routines are attached in Appendix 1. 
 
Experiments with these utilities and the native MATLAB least squares solver indicated 
that the largest problem that could be solved on an eMachines T4200 2.0GHz processor 
with 256MB RAM running the Microsoft XP operating system was about 400 by 400  
elevation nodes.  This yielded a system of 165685 equations and unknowns.  An input 
elevation matrix of 500 by 500 nodes caused an out of memory processor error. 
 
 
Experiments with Alternative MATLAB Solvers 
 
The first tests associated with this project examined some alternative MATLAB tools for 
solving systems of linear equations to see of they offered any computational efficiencies.  
Straightforward solution of the linear least squares equation  solve the equation: 
 

ATAz=AT b 
 

by computing ATA, then ATb, and then solving for z using elimination.  Alternatively, the 
system can be solved by first performing a QR factorization of A. The classical solution 
approach[6] uses the following steps: 
 

1) Compute Q 
2) Compute R using R=QTA 
3) Solve for z using Rz  = QTb 
 

The MATLAB documentation states that for sparse matrices, Q is mostly full.  Since Q is 
an m by n matrix, this would be unfavorable from a computational perspective.  The 
MATLAB documentation suggests computing 
 

[C,R] = qr(A,B) 
 

 for sparse matrices, applying the orthogonal transformations to B, producing C = Q-1*B 
without computing Q.  For sparse matrices, the Q-less QR factorization allows the 
solution of sparse least squares problems with two steps: 
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[C,R] = qr(A,b) 

x = R\c 
 

This method was used to solve an experimental  system of equations.  The tests indicated 
that the computational time and complexity was  identical to that produced by applying 
the MATLAB command z=A\b.  It is considered likely that the above step wise method 
is used by MATLAB  when A\b is invoked.   
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4.0 MATLAB Sparse Matrix Reordering Experiments 
 
When certain operations such as matrix multiplication and particularly the factorizations 
used to solve linear systems are conducted on sparse matrices the density of the matrices 
and thus the storage requirements can increase dramatically.  This is called fill-in.  It has 
been known for some time that the row and column order of a sparse matrix can have a 
large effect on fill-in during these computations.  It has been proven that the computation 
of optimal ordering is NP-hard.  However, there are several heuristics commonly used to 
improve ordering for this purpose.[7]  
 
An investigation was conducted to determine if the computation of the over determined 
Laplacian approximation algorithm (Franklin algorithm) could be improved by using 
alternative row or column orderings of the large sparse coefficient matrix.  The hope was 
that the improvement would be enough to allow processing of files of the target size.  A 
small test system was built and experiments with the reordering schemes provided by 
MATLAB were conducted and noted. 
 
Permutation Vectors 
 
Consider an n by n square matrix A and a  1 by n permutation vector p such that  
 

p=[i1, i2, ...in] , i∈Ι 
 
The MATLAB matrix permutation operator can produce a row or column permuted 
matrix P: 

Prow=A(p, :)  
and 

Pcol = A( : ,p) 
 
where Prow is the matrix with rows permuted according to the encoding in the permutation 
vector p, i.e. 
     Prow = [ rowi1 
       rowi2 
               .  
       . 
       . 
       rowin     ] 
and  

Pcol=[ coli1  coli2  . . . colin ] 
 

The inverse operation can be performed with the vector q computed from the MATLAB 
command: 

q(p) = 1:n 
 
The inverse operation is then: 
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A = Prow(q, :) 
 
for the row permutation or 

A=Pcol(:, q) 
 
for the column permutation. 
 
It is also possible to permute the linear system 
 

Az = b 
 
as long as the permutations are consistent.  That is, it is possible to perform row or 
column permutations on an n by m matrix A as long as the corresponding permutation is 
performed on either vector z or vector b.  For example, to perform a column permutation 
defined by 1 by n permutation vector p on matrix A, first permute the matrix: 
 

Pcol=A(:, p) 
 

Then solve the linear system: 
 

Pcol z = b 
 
Then compute the inverse permutation vector q: 
 

q(p) = 1:n 
 
and then compute z by re-applying the permutation vector: 
 

z = z(q, :) 
 

This technique is valid for an over determined system as well. 
 
Test System 
 
Various reordering schemes were applied to a 200 by 200 node input elevation grid 
consisting of straight rows of contour lines running the width of the map.  A small Java 
utility called InputMatrix.java was used to build this and similar input files.   The grid 
was imported into MATLAB as elevation matrix �A�. 
 
Test 1 � Baseline 
 
The first test established the processing time for an unordered MATLAB sparse elevation 
matrix.   Actually, as a result of the way that sparseA.m builds the input matrix and due 
to the structure inherent in the problem, the unordered sparse matrix has a very high 
degree of structure.  This structure tends to place the non zero elements on the diagonal, 
which in fact is one of the heuristics used for certain reordering schemes (see below).  As 
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a result, it is expected that the unordered sparse matrix may actually be closer  
to optimal than to extremely sub-optimal. 
 
 The utilities sparseA.m, makeB.m, and repack.m were used to prepare the input 
matrices.  The program sparseA.m computed a 43,800 by 40,000 sparse coefficient 
matrix.    The characteristics of the computed sparseMatrix can be seen from the 
MATLAB spy plot in Figure 1. below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 The program makeB.m computed a 40,000 by 1 right hand side (RHS) vector.  The 
system was then solved using the MATLAB command: 
 

t1=clock; z=sparseMatrix\b; t2=clock; e=etime(t2, t1) 
 
The elapsed time e was 197.86s on a Hewlett Packard 1.1MHz laptop. 
 
Test 2 � colmmd 
 
colmmd is a MATLAB column reordering function returning a permutation vector 
 

p = colmmd(S) 
 
such that p is a minimum degree permutation vector for S. 
 
The permutation vector �p� was calculated for sparseMatrix and then used to permute 
sparseMatrix to colmmdMatrix. The MATLAB spy plot for colmmdMatrix is shown in 
Figure 2. 
 
 
 
 
 
 
 

 
Figure 1. Unordered Sparse Matrix 
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The MATLAB colmmdMatrix\b command was then used to solve z.  The elapsed time 
was 221.87s, definitely not an improvement. 
 
Test 3 - Non Zero Vector Sort 
 
The next test was a column sort by number of non zero elements.  The permutation vector 
was computed by: 
 

p = colperm(sparseMatrix) 
 
Then sparseMatrix was permuted as before.  The MATLAB spy for the matrix 
colpermMatrix is shown in Figure 3 below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The computation elapsed time in this case was 174.27s, a slight improvement. 
 
 

 
Figure 2. colmmd Reordered Sparse Matrix 

 
Figure 3. colperm Reordered Sparse Matrix 
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Test 4 � colamd 
 
The MATLAB function colamd returns a permutation based on an alternative minimum 
degree ordering algorithm.  As before, a permutation vector was computed by: 
 

p = colamd(sparseMatrix) 
 
and as before a matrix colamdMatrix was computed by permuting sparseMatrix with p.  
The MATLAB spy for this reordering is shown in Figure 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The elapsed time for the computation of the solution vector showed a significant 
improvement this time, dropping to 136.12s. 
 
Test 5 � colamd with spparms Parameter Adjustment 
 
MATLAB provides the function spparms( ) that allows ten minimum degree ordering 
algorithm parameters to be adjusted.   There is a recommended grouping that can be 
invoked using the command: 

spaarms(�tight�) 
 
that optimizes the algorithm to provide less fill-in at the expense of increased 
computational time for the reordering.  The colamd experiment was rerun after setting the 
parameters �tight�.   The MATLAB spy for the matrix spaarmsTightMatrix is shown in 
Figure 5. 
 
 
 
 
 
 

 
Figure 4. colamd Reordered Sparse Matrix 
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This yielded the best processing time of all,  128.735s.  However, inspection of the spys 
for the two colamd matrices shows that they appear to be identical, so any difference in 
processing time might be hardware related.  A replicate run of the �tight� configuration 
showed a processing time of 132.06s, possibly confirming this analysis.   
 
Test 6. � Verification of Solution Recovery using Inverse Permutation. 
 
A test was conducted to determine if the solution vector z could be recovered from the 
permuted solution vector z according to the formula specified above.  This was done for 
the colamd permutation vector p.  The inverse vector q was computed and applied to z .  
The solution vector z was repacked.  The expected contour plot, shown below in Figure 
6, was produced. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
The colamd permutation took only 66% of the run time as compared to the unordered 
matrix, indicating that some improvement as a result of column reordering may be 
possible for larger non-artificial input matrices 
 
 Unfortunately, while significant, the improvements demonstrated in this test were judged 

 
Figure 5. spaarms TightMatrix Reordered Sparse Matrix 
 

Figure 6. Recovered Sparse Matrix 
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not enough of an improvement to approach the goal of processing a 1201 by 1201 node 
elevation grid.  
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5.0 METIS Reordering Experiments 
 
The search for productive matrix reordering algorithms was next extended beyond 
MABLAB.  This search indicated that the developmental  and research software package 
METIS might be a good candidate for producing useful reordering schemes. 
 
METIS was obtained by downloading from the site http://www-
users.cs.umn.edu/~karypis/metis/.  METIS is a family of multilevel partitioning 
algorithms developed at the University of Minnesota.  The package contains several 
utilities for graph partitioning, mesh conversion and, of particular interest: sparse matrix 
ordering.  The accompanying documentation was clear and well-written but lacked  
theoretical depth. 
 
The first problem to be solved was understanding how the program worked.  The METIS 
input file format is called a graph file and is composed of connectivity and edge and 
vertex weight information such that each line of the graph file corresponds to one graph 
node.  It was apparent that this program was aimed at graph applications primarily.  The 
seven node graph example included in the documentation was used to help generate the 
correct graph file format from the node and edge information provided in the example. 
 
The adjacency matrix corresponding to the example graph was then generated and 
represented in MATLAB sparse matrix format.  The MATLAB function called 
makeGraph.m was written to convert the MATLAB sparse representation of the 
adjacency matrix to METIS graph file format.  This utility produced a graph file called 
outfile.graph.  The METIS utility graphchk was then run on outfile.graph to check the 
correctness of the generated file.  This worked satisfactorily.  The reordering programs 
oemetis.exe and onmetis.exe were run on outfile.graph.  This produced two versions of 
outfile.graph.iperm, the permutation vectors.  These vectors were of the correct 
dimension and contained no obvious mistakes. 
 
A problem arose when running graphchk.exe on a METIS graph file generated from a 
MATLAB sparse matrix generated from a small (4 by 4) test elevation contour file.  
Apparently, METIS can only process symmetric matrices, i.e. only valid adjacency 
matrices where if coefficient c1 indicating an edge between node i and node j is present, a 
corresponding coefficient c2 = c1 exists indicating that the same edge between node j and i 
is also present.  Unfortunately, this is not the case for sparse matrices derived from 
elevation contours which are generally asymmetric.  METIS also does not accept edges 
that start and end at the same node, meaning that no non zero diagonal matrix entries are 
permitted. 
 
The MATLAB minimum degree ordering utilities are able to somehow handle 
unsymmetrical matrices.  Lacking any information from the MATLAB documentation as 
to exactly how this was done, it was therefore decided to try to force METIS to suggest a 
permutation vector by direct means.  The strategy was to modify the input sparse matrix 
so that METIS would accept it.  METIS was then asked to compute a permutation vector.  
This permutation vector was itself used to reorder the columns or the rows or both for the 
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original (unmodified) sparse matrix.  (Since the permutation vector is 1 by n the columns 
can be permuted directly.  The permutation vector must be augmented in order to perform 
the corresponding permutation on the rows.  See below.) 
 
In order to accomplish this, the sparse input matrix needed the following: 
 

1) It must be converted to a square matrix; 
2) it must not have any non-zeros on the diagonal; 
3) it must be symmetric. 

 
Condition (1) was accomplished by removing the code from sparseA.m that concatenated 
the equations resulting from the known elevations onto the square sparse Matrix from 
containing the unknown equation coefficients.  Condition (2) was accomplished by 
extracting the diagonal matrix, multiplying it by (-1) and then adding it to the sparse 
matrix to zero out any non zero coefficients on the diagonal.  Then (3) was accomplished 
by converting all non zero elements to ones and then reflecting every non-zero element 
across the diagonal.  These were all accomplished in makeGraph.m. 
 
After debugging, the permutation vector for a 50 by 50 elevation contour test file was 
computed using METIS utilities oemetis.exe and onmetis.exe.  Both the columns and the 
rows were permuted using these vectors.  The column permutation was straightforward 
because the dimensions matched.  In order to permute the rows, extra permutation indices 
were concatenated to just copy the rows corresponding to the known elevation equations 
to the permuted matrix unchanged. 
 
The MATLAB spy plot for the column permutation is shown below in Figure 7 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The plot is interesting in that the algorithm seems to �clump� the coefficients into regions 
of high density and low density, the column permutation matrix seemingly blocked along 
the anti-diagonal.  The MATLAB solver was run on the column permuted matrix and 
also the unpermuted sparseMatrix as the control.  The results are in Table 1. 

 
Figure 7. METIS Column permutation Sparse Matrix 
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Table 1 Column Permutations 
 
Permutation METIS 

Algorithm 
Input File Size Sparse Matrix 

Size 
Solution Time 

none none 50 by 50 2700 by 2500 0.4530 
none none 50 by 50 2700 by 2500 0.4850 
none none 50 by 50 2700 by 2500 0.4840 
column oemetis 50 by 50 2700 by 2500 0.5310 
column onmetis 50 by 50 2700 by 2500 0.5310 
column onmetis 50 by 50 2700 by 2500 0.5000 
column onmetis 50 by 50 2700 by 2500 0.4840 
column onmetis 50 by 50 2700 by 2500 0.4850 
column oemetis 50 by 50 2700 by 2500 0.4840 
 
The first round of testing showed that the column permutations did not outperform the 
unpermuted sparse matrix.  A second round of tests was run for a row permuted matrix 
permuted with the augmented permutation vector.  These results are shown in Table 2. 
 
Table 2 . Row Permutations. 
 
Permutation METIS 

Algorithm 
Input File Size Sparse Matrix 

Size 
Solution Time 

none none 50 by 50 2700 by 2500 0.5470 
none none 50 by 50 2700 by 2500 0.5620 
row onmetis 50 by 50 2700 by 2500 0.5160 
row onmetis 50 by 50 2700 by 2500 0.5150 
 
(Note: the run times for both the control and the test cases were slower .  However,  the 
test case ran faster than the control in the row permutation test and slower or equal to the 
control for the column permutation test.) 
 
The tests on the 50 by 50 elevation grid were not encouraging but not entirely conclusive 
either.  The problem was that the total run time for the MATLAB solution was less than a 
second, typically less than half a second.  Small hardware variations unrelated to the 
problem introduced a standard error that was significant when compared to the measured 
elapsed time.  As a result a larger problem was run that was known to have a longer 
computational time. 
 
Larger Elevation Grid Input File 
 
The procedure was the same as used for the 50 by 50 node test: a square sparseMatrix 
was computed, and then the METIS graph file was computed from it using 
makeGraph.m.  The METIS utility onmetis.exe was then used to compute 
outfile.graph.iperm, the permutation vector.   
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After incrementing each element of the permutation vector by one, the rectangular 
sparseMatrix was recomputed.  The column reordered permutationMatrix was computed 
from it using the permutation vector q.  The system was then solved using MATLAB:  
 

permutationMatrix\b. 
 
The elapsed time for this computation was 125.3120s.  The corresponding time for the 
control calculation was 120.030s, indicating no improvement as a result of the 
permutation.  The spy plot for the permutationMatrix is shown below in Figure 8. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Next a row permutation was attempted using the same technique as for the 50 by 50 node 
test.  A new permutation vector was constructed by augmenting the old permutation 
vector so that its row dimension matched sparseMatrix.  It was then used to compute a 
row permuted permutationMatrix and solved the system 
 

permutationMatrix\b. 
 

The solution time was 103.5320s, an improvement of about 16%.  As a final check,  the 
control was rerun.  Virtually the same computation time of 120.4370s was observed.   
The data is summarized in Table 3. The spy plot for the row permutation is shown below. 
 
 
 
 
 
 
 
 
 

 
Figure 8. METIS Column Permutation Sparse Matrix 




